Introduction.
In [2] a generalized Dedekind sum is defined by s(r, h, k) = k r r + 1
where r is an even integer, B r+1 (x) the Bernoulli polynomial and
Further we define A(r, k, n) = T.Dokshitzer [4] proved that W (r, k, x) has integer coefficients if (r + 1, k) = 1 and (r + 1, ϕ(k)) = 1 where ϕ is Euler's totient function. In this note we study W (p − 3, p, x) which has integer coefficients if p is a prime ≥ 5.
Let p ≥ 5 be a prime and g a primitive root (mod p 2 ). Define
the period polynomial (see E.Lehmer and D.H.Lehmer [7] ). We show that W (p − 3, p, x) and L(p, x) agree up to the sign of x. In [7] the Lehmers ask if the constant term L(p, 0) could be even. We computed L(1093, 0) and found it divisible by 2 1102 so it is even by some margin. More precisely we have the following: Let q be a prime such that q p−1 ≡ 1 (mod p 2 ) (Wieferich condition). Then L(p, x) (mod q) splits into linear factors.
In a private communication A.Granville noted that W (p − 3, p, x) could be written as a certain determinant. This is proved here. After reflection it is the characteristic polynomial of a circulant matrix.
Generalized Wilf polynomials.
In [2] it is proved (using Apostol's reciprocity theorem [3] ) that if r ≤ p−5 then A(r, p, n) ∈ Q[ζ p ] where ζ p = exp(2πi/p). This is not the case for r = p − 3. Instead we have to use ω = exp(2πi/p 2 ). Let
and g a primitive root in (Z/p 2 Z)
× . Let α be the automorphism of Q(ω) determined by ω → ω 1+p . Then we have
(it is easy to show that ρ / ∈ Q cf. [7] ). Then we obtain
since η mg p = α m (ρ). This has integer coefficients since ρ is an algebraic integer. We denote by Z p the ring of p-adic integers. Our main goal is Theorem 1. Let p ≥ 5 be a prime. Then
This will follow from the following two theorems:
Note that the von Staudt-Clausen theorem implies that
so that in particular (u, p) = 1.
Theorem 3. We have
The proof of Theorem 19 in [2] is also valid for r = p − 3 and gives Theorem 3 (one requires r even and (r + 1, p) = 1 ). The proof of Theorem 16 in [2] (which uses Apostol's reciprocity theorem [3] ) gives
for any integers h, H such that hH ≡ 1 (mod p).
Proof. It is enough to show
since the general statement follows from this by iteration. We have
Proof of Theorem 2. As H p ≡ H (mod p), using Lemma 1, we may replace H by H p in the right hand side of (1). Hence
Here we used the fact that if hH ≡ 1 (mod p) then h p H p ≡ 1 (mod p 2 ).
With Theorem 2 and 3 we can now evaluate A(p − 3, p, n). Note that
where
With α the automorphism of Q(ω) determined by ω → ω 1+p we now obtain the action of U ≃ Gal(E/Q) on the A(p − 3, p, n)
Thus the {A(p − 3, p, n); n = 0, 1, ..., p − 1} form one orbit under the action of U . If n is such that
and Theorem 1 follows.
Theorem 4. Let q and p be primes satisfying the Wieferich condition
Then L(p, x) (mod q) splits into linear factors.
Proof. Let R be the integral closure of Z in E, the ring of algebraic integers in E. Choose an element γ of (multiplicative) order p 2 in the finite field
is the ring of algebraic integers in Q(ω), see e.g. [6] Chapter IV, Theorem 3. We shall show that φ(R) = F q . Certainly φ(R) is an intermediate field
is a cyclic group of order dividing p−1. By [5] Chapter VII, Proposition 2.5 Gal(φ(R)/F q ) is a subquotient of Gal(E/Q), the quotient of the decomposition group by the inertia group. As Gal(E/Q) is cyclic of order p, the only possibility is that Gal(φ(R)/F q ) = 1 so that φ(R) = F q . As η n ∈ R we have φ(η n ) ∈ F q so that
and the theorem is proved.
Remark If q, p is a Wieferich pair Theorem 4 implies that often q divides the constant term L(p, 0) to some high power. We give a small In this section all matrix indices shall be interpreted in Z/pZ with representatives {1, 2, . . . , p}.
Example: Let p = 7. Then with ω = exp(2πi/49) We get
Proof. Let E i,j be the p × p−matrix with 1 in place (i, j) and 0 otherwise. Let B = i =j
Then we have finishes the proof of Theorem 5.
